The number and cost of claims that will arise from each policy of an insurance company 's 
INTRODUCTION
When an insurance policy is written it, typically will, cover a defined period from inception. In non-life insurance, claims incurred during this period due to physical damage or theft are often reported and settled quickly [1] . However, in other types of insurance, the time between a claim event and the determination of the amount to pay for this claim can be considerably large. So, on a portfolio of an insurance company the number and cost of claims that will arise from each of its policies are unknown. Indeed, at expiry of a policy there can be a high degree of uncertainty as to what the cost of claims will ultimately be since there might be future, not yet reported, losses associated with past claims. In practice, insurance companies have to protect themselves against the possibility of this ultimate cost by creating an additional reserve known as the incurred but not reported (IBNR) reserve. More precisely, this reserve corresponds to the total amount owed by the insurer to all valid claimants who have had a covered loss but have not yet reported it. A satisfactory estimate of such reserve can be made only through statistical techniques and in this article we propose a new non-parametric method to estimate it.
Several estimators for IBNR reserves have been proposed in the literature since the original work of Tarbell in 1934 [2] , where the deterministic chain-ladder method was introduced. Mack derived a stochastic model to explain the chain-ladder method [3, 4] and several recent works have tried to reduce the variance of the reserve entailed by Mack's chain-ladder model (for example [5] [6] [7] , just to cite a few). The majority of these models are constructed from the runoff triangle, which corresponds to an incomplete n × n matrix C. In this matrix, only the elements c i,j with j ≤ n − i + 1 are known, and they correspond to the cumulative paid out amounts with respect to the accident period (month, year,...) i, i ∈ {1, ..., n}, up to and including the development period j. To estimate the IBNR reserve, all these cited methods run algorithms to fill the unknown entries of C using the given data. Table 1 shows an example of a runoff triangle from the historical loss development study related to the automatic facultative general liability (AFG) [8] . The most popular method used to complete the runoff triangle is the chain-ladder, which estimates outstanding claims by projecting into the future a weighted average of past claim developments.
Contribution
The main contribution of our article is to present a new hybrid model for IBNR reserve estimation. It works in two stages. In the first stage, the method relies on the most popular method for IBNR estimation, the Mack's chain ladder, to obtain a prediction for IBNR reserve. In the second stage, it uses kernel-based regression methods to statistically learn from the residuals of the previous stage, assuming that further nonlinear structure can be estimated from them. The proposed method is very simple to implement and shows good results on real data.
Paper Outline
Section 2 gives an overview of the Mack's chain-ladder model. Section 3 gives a brief introduction to kernel-based methods for regression. Section 4 introduces the hybrid model. Section 5 shows the results and compares the proposed method to other classical methods. Section 6 proposes a bootstrap strategy to estimate the variance of the new method. Finally, Section 7 concludes the work and points out a future direction for research.
THE CHAIN-LADDER IBNR RESERVE ESTIMATOR
Mack was the first to propose a stochastic model for IBNR reserve estimation [3] . This section introduces Mack's chain-ladder (MCL) model, which is the most popular and practical model to solve this claim reserving problem. Mack's model is both very simple to implement and gives accurate results to IBNR estimation.
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The MCL links successive cumulative claims to suitable link ratios. It is a distribution-free stochastic model built upon the following hypotheses:
• Cumulative claims c i,j of different accident period i are independent;
• A Markov chain is formed by (c i,j ) j≥1 . There exist development factors f j > 0, with 1 ≤ j < n, such that for all 1 ≤ i ≤ n and for all 1 ≤ j ≤ n the following moment conditions hold:
From the runoff triangle data, the MCL predicts the growing factor f j from column j to column j + 1 by use of the following estimator:f
Note thatf j is, in fact, a weighted average of the observed individual development factors c i,j+1 /c i,j . The variance parameters σ 2 j , for all j ∈ {1, . . . , n − 2}, are estimated by the following unbiased estimator:
After computingf j , j ∈ {1, ..., n − 1}, the IBNR total reserve can now be computed using the unbiased estimator given in the sequel:
Using the example given in Table 1, Table 2 illustrates how the MCL method predicts the unknown entries of the runoff triangle (in italic). Table 3 shows the reserve estimation by the use of the MCL method. For each accident period i, i ∈ {2, ..., n}, the reserve R i is computed by R i =ĉ i,n − c i,n−i−1 .
To evaluate the uncertainty of the reserve estimation it is common to use the mean quadratic error (MQE). For the MCL IBNR estimator, the MQE is: In this expression, D represents the set of all known information. Similarly, the MQE for the IBNR reserve of each accident periodR i is:
Thus, using the fact that 2 and Eq. (2), the MQE ofR i can be rewritten as:
According to Mack [3] , the conditional variance Var[R i,n |D] is given by
Finally, using Eq. (4) and the hypothesis of the model, Mack shows in [3] that the expression for the MQE ofR i is given byM
, with j > n − i + 1, corresponds to the estimated value of future payments c i,n−i+1 . The standard error ofR i is from now on denoted by se(R i ) = M QE(R i ). From this important result obtained by Mack, it is possible to obtain the MQE for the total IBNR reserve. Unfortunately, the standard error of the total IBNR reserve,R Total =R 2 + · · · +R n , cannot be obtained directly from the sum of the standard errors of each accident year i, 2 ≤ i ≤ n, since they are correlated thanks to the common development factorsf j andσ 2 j . It can be shown that the MQE of the total IBNR reserve is obtained by the following equation:
Mack's chain-ladder model can be found in the chain-ladder package [8] for the R platform (a public domain software for computational statistics and data analysis (for more details see http://www.r-project.org).
KERNEL-BASED METHOD FOR REGRESSION
Kernel-based methods for regression are universal learning machines for solving multidimensional scalar value prediction and estimation problems. These methods received a lot of attention in the machine-learning community since they are very well grounded on a statistical learning theory, called the Vapnik-Chervonenkis (VC) theory [9] . Its consistency conditions, convergence, generalization abilities, and implementation efficiency have been studied by several authors during the last four decades (see [9] [10] [11] ). This section describes the two most used kernel-based methods for regression: the ε-Support Vector Regression (ε-SVR) and the Gaussian Process Regression (GPR).
The ε-Support Vector Regression Method
Let D be the training set, containing l samples
are the input data and y i ∈ R are the target values. The SVR method first maps the data x ∈ R d into some a priori chosen Hilbert space F, called the feature space, via a nonlinear function φ : R d → F. In this feature space, the prediction function is formulated by the affine equation:
where ·, · denotes the inner product in F, w ∈ F and b ∈ R.
In the ε-SVR method, the problem of learning is to find the best function; i.e., the values of w and b that minimize the following functional:
where
The solution f (x) of this ε-SVR problem minimizes the deviation from |f (x i ) − y i | for i = 1, . . . , l, while being as flat as possible. Observe that the deviation is controlled by the loss function | · | ε , called ε-insensitive since it considers the loss equal to zero when the deviation is less than ε. The flatness is due to the second term of functional R(w, b), which penalizes the size of w.
In the ε-SVR learning method, the values of w and b are determined by the following minimization problem:
where P is a constant parameter that penalizes the ε-insensitive errors. The errors occurring if f (x i ) is above (respectively, below) y i are represented by the ξ i (respectively,ξ i ) slack variables. One can rewrite this optimization problem in its dual form by using Lagrange multipliers α i ,α i :
This is a convex quadratic programming problem; therefore, it has a unique global solution. Let α * = (α The complementary Karush Kuhn-Tucker conditions for this dual problem at the optimal solution are
These complementary condition formulas show several important and suitable properties of the ε-SVR learning method. The first equation means that at the optimal solution w for the primal problem is a linear combination of the input points mapped to the feature space. Since
then Eq. (7) can be rewritten as
where b * is chosen so that f (x i ) − y i = −ε for any i such that α i ∈ (0, P/l). The other set of equations in Eq. (9) say that when α i andα i are both equal to zero the scalar function prediction for the input point x i distances from the target value y i less than ε. The input points x i in which one of the associated α i orα i does not vanish are called the support vectors.
This method is available in the kernlab package [12] for the R platform. A more detailed presentation about ε-SVR can be found in [13] .
Kernel Functions
The a priori chosen non-linear function φ, mapping the input point to the feature space, appears in two places: one is as the objective function of the ε-SVR dual optimization problem (8) as φ(x i ), φ(x j ) , and the other is as the prediction function f in Eq. (10) as φ(x i ), φ(x) . Notice that in both cases it is sufficient to know how to compute the inner-product of two points mapped to feature space by φ. Thus, a suitable and efficient way to do that is through the use of the so-called kernel functions.
Kernel functions have been recognized as important tools in several numerical analysis applications, including approximation, interpolation, meshless method for solving differential equations, and in machine learning [14] .
A kernel function k :
Using this definition, the prediction function in Eq. (10) is better written as
In fact, kernel functions implicitly represent the mapping φ to the feature space F. For example, consider that z and w are in R 2 . Also, consider the non-linear mapping φ :
In conclusion, it is more efficient and more suitable to choose kernels rather than non-linear mappings φ. However, not all functions k represent an inner product in the feature space. Mercer's theorem characterizes these functions [9] . Some examples of kernel functions that satisfy Mercer's conditions are:
2 ) .
•
The Gaussian Process Regression Method
The GPR is another supervised statistical learning method for regression. Similar to the ε-SVR, it considers as an input the training data set
..,l , where x i ∈ R d and y i ∈ R. Its objective also is to build a function g : R n → R that approximates the input data. Under Gaussian process assumptions (see [10] for further details) the predictive mean value at a point x is given by
where K denotes the d × d matrix of covariances between the training points with entries
is the vector of covariances such that the ith entry is k(x i , x ), where k is a kernel function; σ 2 is the noise variance on the observations; and y is the l-dimensional vector containing the training targets. Moreover, the predictive variance value at a point x is given by
where v is the solution of the system Lv = k(x ), and L is the Cholesky decomposition of (K + σ 2 I). This method is also implemented in the kernlab package for R [12] .
A HYBRID CHAIN-LADDER MODEL
In this section we present a hybrid model composed of a Mack's chain-ladder component and a kernel-based method component, to model, respectively, linear and nonlinear patterns contained in the runoff triangle. It might be the case that the behavior of the IBNR claims data is not best captured by a linear estimator such as Mack's chain-ladder model. So, a hybrid strategy that combines both linear and nonlinear structures present in the runoff triangle may be shown to be a good alternative.
Our model strategy acknowledges the fact that each known entry c i,j+1 generally does not correspond to the value of c i,j ·f j . The difference between these two values is what we call the residual at c i,j+1 .
The hybrid IBNR total reserve model IBNR hybrid can be represented as follows: whereĉ i,j is the prediction by the Mack's chain ladder andψ i,j is the residue learned by the kernel-based regression. Next, we propose three different strategies to build the training data for the kernel-based regression method. These strategies differ on how the set D will be constructed, to be more specific, on how to build the l × n matrix X whose ith row corresponds to the transpose of an input vector x i , and the vector y whose i th entry corresponds to the target value y i . Each of these three strategies will define a new hybrid model. As we will see, the first model behaves as a multiplicative nonlinear correction to Mack's linear model, while the last two represent additive nonlinear corrections.
Hybrid Model 1
This first model uses kernel-based methods for regression to build an approximation function that models the residuals through the function Ψ 1 : R 2 → R. In this model, the hybrid method tries to correct the estimation for c i,j+1 by learning the ratio f i,j /f j , where
Here, the ith row of the l × 2 matrix X corresponds to the transposed bi-dimensional vector
, and each entry of the target l-dimensional vector y is defined by y = f i,j /f j − 1, where 2 ≤ i ≤ n − 2, 2 ≤ j ≤ n − i and n × n is the dimension of the runoff triangle. Since the training set should be constructed using only the known part of the triangle, it follows that the size l of the training set depends on n and for this strategy it corresponds to
In fact, this choice for the training data tries to capture a nonlinear multiplicative correction for the estimated development factorf j on each unknown entry of the runoff triangle, since the value of the unknown entry c i,j will be
To illustrate the construction for this and the coming models, consider a small runoff triangle A given by 
Since n = 5, it follows that l is equal to 3. Mack's estimators for the growing factor aref 1 = 2, 33,f 2 = 1, 40, and f 3 = 1, 37; and from the triangle one can compute the values f 1,2 = 1, 32, f 2,1 = 40, 42, f 1,3 = 1, 08, f 2,2 = 1, 26, f 3,1 = 2, 64, f 2,3 = 1, 98, and f 3,2 = 1, 54. Therefore, the matrix X and the vector y are given by 
Hybrid Model 2
This second model uses kernel-based methods for regression to build an approximation function that models the residuals obtained from fitting Mack's model to the original runoff triangle. This function is defined by Ψ 2 : R 3 → R. To build this approximation this new model has to fill the training matrix X l×3 and the target vector y 3×1 according to the following strategy:
• Each row of X is the transpose of a three-dimensional vector
• Each entry of y corresponds to
Considering this, the number of training elements on D is given by
Notice that this model, by using three neighbors of c i,j + 1 , tries to capture the nonlinearity not only between the columns but also between the lines. Therefore, it is an additive correction to the developing factor estimatorf j . For the runoff triangle A, the matrix X and the vector y correspond to 
Hybrid Model 3
This final model is very similar to the previous Model 2, and uses kernel-based methods for regression to build an approximation function that models the residuals through the function Ψ 3 : R 4 → R. To build Ψ 3 it fills the training matrix X l×4 and the target vector y according to the following strategy:
• Each row of X is the transpose of a four-dimensional vector
The number of training elements of D for this model also is given by Eq. (14) . It chooses three elements around c i,j+1 and the factorf j in order to capture data nonlinearity, not only between columns but also between lines. It is also an additive correction strategy forf j .
For the runoff triangle A, the matrix X and the vector y correspond to 
The Learning Process
After building the training set D, the next step in the proposed methodology for IBNR estimation is to obtain the modeling function Ψ 1 , Ψ 2 , or Ψ 3 . It is done by the use of the kernel-based methods for regression described in Section 3. From these three functions, the nonlinear part of the hybrid IBNR reserve estimator will be given by
where the value ofψ i,j+1 is calculated for each model as follows:
Volume 2, Number 1, 2012 a total IBNR reserve estimate higher than the one predicted by the MCL model. Since the observed IBNRs for these two triangles are not available, it is not possible to judge which one produces the best estimate. Finally, as a final exercise in comparing the three proposed models to the MCL model, we will use a runoff triangle obtained from an insurance company in Brazil. This triangle has 48 lines, and in order to save some data to allow for out-of-sample comparisons, only the first 24 lines of this triangle will be used for model fitting. To improve comparisons among the different models these will be fitted to different sizes of the runoff triangle, and the observed loss values will be represented by the label "Loss," which corresponds to the the sum of the last column of the n × n runoff triangle minus the first element of the column. In Table 8 the three hybrid models and the MCL model are run using the n first columns of the runoff triangle, with n varying from 8 to 24. Notice that MCL gives the best approximation only in six out of the 17 runoff triangles and that in the majority of the cases the results of ε-SVR or GPR are very similar.
Since these three hybrid models are very easy to implement and have low computational complexity, they may be adopted by practitioners in the insurance industry as a complement to Mack's chain-ladder model.
For all results presented above, the ε-SVR and the GPR methods of the kernlab package were run using automatic parameter selection. In both cases, the kernel adopted was the Gaussian and the input data were normalized with the corresponding procedure.
